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electronic properties of (Bi1!!Sn!)2Te3 crystals (where
! represents nominal Sn concentration, incorporated to
compensate n-type doping from vacancy and anti-site de-
fects. By scanning over the entire Brillouin zone, we
confirm that the surface states consist of a single, non-
degenerate Dirac cone at the ! point. At appropri-
ate doping (! = 0.67%), we found that the bulk states
disappear completely at the Fermi level, thus realizing
for the first time the topological insulating behavior in
this class of materials. With a much larger bulk band
gap (165meV ) compared to the energy scale of room
temperature(24meV ), the topological protection of the
surface states in this material could lead to promising
applications in low power spintronics devices at room
temperature.

Fig. 1 summarizes the bulk and surface electronic
structures and Fermi-surfaces (FSs) topology of undoped
Bi2Te3. The crystal structure of Bi2Te3 (Fig. 1a) is of
the tetradymite type, formed by stacking quintuple layer
groups sandwiched by three sheets of Te and two sheets
of Bi within each group[19]. Ab initio calculations pre-
dict that the undoped Bi2Te3 is a semiconductor (Fig.
1b), and that the Fermi-surface(Fig. 1c) from bulk con-
duction band(BCB) projected onto the surface Brillouin
zone(BZ) exhibits triangular or hexagonal snowflake-like
electron pocket centered at the ! point (Fig. 1c) depend-
ing on its kz position in reciprocal space.

Actual band dispersions measured by the ARPES ex-
periment along two high symmetry directions are shown
in Fig 1d. In addition to the broad spectra of the bulk
electron pocket on top and the “M” shape valance band
at bottom as predicted in the ab initio calculation, there
is an extra sharp “V” shape dispersion resulted from the
surface state. The linear dispersion in both plots clearly
indicates a massless Dirac Fermion with a velocity of
4.05!105m/s(2.67eV · Å) and 3.87!105m/s(2.55eV · Å)
along the !"K and !"M directions respectively, which
are about 40% of the value in graphene[6] and agree well
with our first principle calculation (by the method de-
scribed in[17]) which yields 2.13 and 2.02 eV · Å along
the ! " K and ! " M directions, respectively.

This sharp surface state also forms a FS pocket in
addition to the calculated FS from bulk bands. As
shown in Fig. 1e, 1f(ii), in each BZ there is a hexa-
gram FS enclosing the snowflake like bulk FS. A broad
FS map covering three adjacent BZs (Fig. 1e) confirms
that there is only one such hexagram FS resulting from
the “V” shape Dirac-type surface state in each BZ. It
should be noted that the spin-orbit coupling (SOC) in
this material is rather strong and the atomic SOC of Bi-
6p orbital is " = 1.25eV [17], about twice of that in Au
(" = 0.68eV )[20]. Given that our energy and momentum
resolution (!E < 0.016eV and !k < 0.012(1/Å)) is better
than needed to resolve even the much smaller Au surface
state splitting ("E = 0.11eV, "k = 0.023(1/Å))[21], The
fact that we never observe more than one set of surface

FIG. 1: (Color) Crystal and electronic structures of Bi2Te3

(a) Tetradymite-type crystal structure of Bi2Te3, formed by
stacking quintuple-layer groups sandwiched by three sheets
of Te and two sheets of Bi. (b) Calculated bulk conduction
band(BCB) and bulk valance band(BVB) dispersions along
high symmetry directions of the surface BZ (see inset), with
the chemical potential rigidly shifted to 45meV above the
BCB bottom at to match the experimental result. (c) The kz

dependence of the calculated bulk FS projection on the sur-
face BZ. (d) ARPES measurements of band dispersions along
K!!!K(top) and M!!!M (bottom) directions. The broad
bulk band (BCB and BVB) dispersions are similar to those
in panel (b), while the sharp V-shape dispersion is from the
surface state band (SSB). Energy scales of the band structure
are labeled as: E0: Binding energy of Dirac point (0.34eV),
E1: BCB bottom binding energy(0.045eV), E2:bulk energy
gap(0.165eV) and E3: energy separation between BVB top
and Dirac point (0.13eV). (e) Measured wide range FS map
covering three BZs shows that the FSs only exist around !
point, where the red hexagons represent the surface BZ. The
uneven intensity of the FSs at di"erent BZs results from the
matrix element e"ect. (f) Photon energy dependent FS maps.
The shape of the inner FS changes dramatically with photon
energies, indicating a strong kz dependence due to its bulk
nature as predicted in panel (c), while the non-varying shape
of the outer hexagram FS confirms its surface state origin.

state in all dopings and under all experimental conditions
- including di#erent photon energies, polarizations and
two experimental setups in di#erent synchrotrons – rules
out the possibility that the Dirac cone is spin degener-
ated. This crucial observation clearly demonstrates that
Bi2Te3 is the ideal candidate as the parent compound for
the simplest kind of 3D topological insulator[17] - a sim-
plicity resembling that of the hydrogen atom in atomic
physics. In contrast, graphene has two valleys with spin
degeneracy, totaling four Dirac cones in each BZ, leading
to a topological trivial state. Furthermore, since there is
only one surface Fermi pocket in each surface BZ, sur-
face state will only cross the Fermi level once between
and M, rather than the complex crossing of five times

Topological insulators surface states

• Robust characteristic surface states : Dirac 
fermions

• ARPES experiments : richer structure, 
hexagonal shape of the Fermi surface

Transport of these surface states
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state in all dopings and under all experimental conditions
- including di#erent photon energies, polarizations and
two experimental setups in di#erent synchrotrons – rules
out the possibility that the Dirac cone is spin degener-
ated. This crucial observation clearly demonstrates that
Bi2Te3 is the ideal candidate as the parent compound for
the simplest kind of 3D topological insulator[17] - a sim-
plicity resembling that of the hydrogen atom in atomic
physics. In contrast, graphene has two valleys with spin
degeneracy, totaling four Dirac cones in each BZ, leading
to a topological trivial state. Furthermore, since there is
only one surface Fermi pocket in each surface BZ, sur-
face state will only cross the Fermi level once between
and M, rather than the complex crossing of five times
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Characterization of hexagonal warping

• Fermi surface deformation

• Warping hamiltonian
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Different energies Fermi surfaces

FIG. 1: Warped surface state and buried (inaccessible) Dirac point of Bi2Te3. Bi2Te3 has a highly warped surface
state (non-ideal Dirac cone) with Dirac node buried under trivial surface states in which the topological transport regime can
not be realized. a, Experimental geometry of spin-resolved ARPES. b, ARPES measurement of 3D surface Dirac cone of
Bi2Te3. Arrows represent the in-plane component of the measured spin texture. c, Surface state warping factor w as a function

of surface carrier density (n). The warping factor is defined as w(n) = kF (!̄!M̄)!kF (!̄!K̄)
kF (!̄!M̄)+kF (!̄!K̄)
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FS (circle); w = 1 implies perfect hexagon FS; w > 1 implies snowflake-shaped FS. d, High-resolution ARPES mapping of
Fermi surface evolution with binding energy. Arrows represent the in-plane component of the measured spin texture. The
surface carrier density (in unit of !10!2Å!2) and warping factor values are indicated at the top left and bottom right corners
of each Fermi surfaces.

and caption for definition) serve as universal quantities
describing the TI single Dirac cone which do not depend
on the individual chemistry formula. However, it is hard
to evaluate them at EB = ED due to the six-fold feature.
The deviation from universal description also indicates
the undesirable electrodynamic condition of the Bi2Te3
surface states at the energy level of the Dirac point. The
strongly warped snowflake Fermi surface makes Bi2Te3
ideal for testing how nonlinear e!ect and Fermi surface
geometric constraint modulate the spin texture configu-
ration. The wide range of warping factor value (0 ! 1.6)
and surface carrier density (0 ! 8" 10!2Å!2) also indi-
cates a variety of spin textures which enables the Bi2Te3
surface states to perform di!erent spin-based functional-
ities at di!erent regimes.
We used spin-resolved ARPES [33] to investigate the

surface Fermi surface spin texture in the highly warped
regime. So far spin-sensitive measurements have only
been carried out at the isotropic circular Fermi surface
regime of Bi2Te3 where the spins are found to follow the
Fermi circle tangentially which leads to a ! Berry’s phase
as shown by Hsieh et.al., [9]. Here, we start from the most
warped Fermi surface with a warping factor w = 1.6 far
away from the Dirac node. We show three representative
spin-resolved measurements (track ", #, $) along di!er-
ent momentum directions on the snowflake contour (see
Fig. 2a and caption). Fig. 2b shows the measured out-
of-plane spin-polarization (Pz) spectra for tracks ", #
and $. All three tracks show clear ẑ polarization signals

(up to 30%), which indicates that a non-zero out-of-plane
component of spin has developed when the Fermi surface
is strongly warped. Interestingly, Pz at $1 which locates
at the corner of the snowflake contour is zero, whereas Pz

at "1, "2, and $2 which all locate at the most concave-
in point give largest polarization amplitude. Now we
turn to in-plane spin measurements (Fig. 2c, d, e). It
is interesting to notice that track ", which is a diagonal
track (crosses the time-reversal invariant "̄ point) clearly
manifests the time-reversal invariant nature of the Bi2Te3
system. Spins at the opposite sides of the Fermi surface
have the opposite directions (Px = 0, Py and Pz have the
opposite signs at opposite sides), demonstrating the sup-
pression of “U-turn” scattering on Bi2Te3 surface. We
fit the spin polarization spectra following the two-step
fitting routine [34]. Fig. 2a shows the fitted 3D spin
vector directions. The resulting texture configuration is
a 3D left-handed vectorial vortex which features an out-
of-plane spin component oscillating around the snowflake
contour.
In order to show how the spin textures are related

to quasi-particle spin transport experiments, we evaluate
the spin-dependent scattering profile. Fig. 3d shows the
probability of an electron being scattered in momentum
transfer %q space from one part on the snowflake contour to
the other. We focus on scattering along 3 representative
scattering vectors %q1, %q2, and %q3, which correspond to the
scattering in between the corners of the snowflakes (see
Fig. 3d inset). A comparison between the realistic spin-
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• Experimental regime : far from the Dirac point

• Sample length >> mean free path

• Semi classical approach, 

Regime of diffusive transport

- Boltzmann equation
- Diagrammatics

kf le � 1



Boltzmann approach

• Density of states : 

• Scattering probability :
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Perturbative result



• Kubo formula +  weak disorder diagrammatics 

• Results non perturbative in warping

Non perturbative diagrammatics

( G.Montambaux and E. Ackermans, 
Mesoscopic physics of electrons and photons )
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Coherent regime

•  

• Symplectic class (same as electrons in random SO)

• Quantum correction to conductivity         and 
conductance fluctuations          only paramaterized 
by D
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Non perturbative in warping result

L ∼ lφ



Conclusion

• Hexagonal warping crucial for transport 
properties

• Conductance : non perturbative in warping
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